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Odabiranje

» Odabiranje je postupak kojim se dobijaju
odbirci signala (vrednosti amplitude)
u odredenim trenucima vremena

» Uniformno odabiranje je odabiranje
svakih T jedinica vremena

X = X(kT') = x(t)‘;ZO,iT,izT,i3T,...

Ucestanost 1

odabiranja Perioda ili
Py =—

vremenski razmak

. —_Iizmedu dva odabiranja
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Definicija slucajnog signala

* Deterministicki signal je signal koji je na
jedinstven nacin odreden dobro definisanim
procesom (moze se opisati matematickim
relacijama, tabelama, pravilima)

» Slucajni signal je signal Cije se vrednosti ne
mogu unapred predvideti

» Slucajni signal {{[n]} se moze posmatrati kao
Jedna moguca realizacija slucajnog procesa

opisuje se koriSéenjem statistickih principa

* Primena: govor, muzika, slika, sum,
vremenski promenljivi telekomunikacioni kanali,
bilo koja informacija koja je funkcija vremena
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Osobine slucajnog signala

 Kumulativna funkcija raspodele signala {&[n]} pokazuje
sa kojom je verovatnocom vrednost signala &[n] u funkciji
iIndeksa » manja ili jednaka nekoj vrednosti x

* P (x,n)=Probability ({[n]<x)

* Funkcija gustine verovatnoce
definiSe se kao izvod kumulativne funkcije raspodele

p(x,n) = dP(x, 1) X i ¢[n] mogu da imaju bilo koju\
, dx vrednost iz opsega
-0 < x < 100

P(x.n) ]f (u.n) d -0 < ¢[n] <+
x,n)= | p(u,n) du
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Primer slucajnog signala

s |
O, x<0 ~
3 0.5 -
P(x,n)=<x, 0<x<1 S

1, x>1 1 0 1 2
b ¥
0, x<O :
p(x,n)=<1, 0<x<1 205
\O, x> 1 0 . .
1 0 1 2
X
 Kumulativna funkcija * Funkcija gustine
raspodele je linearno rastuéa verovatnoce je konstantna
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Amplituda

Sinusoidalni signal

Xs (¢) = X Sin(zdst T ¢S)

xs(t) = XS sin(2 fS t+ ¢S)

0 Merni informacioni sistemiz
t

Faza u
radijanima

Vreme u
sekundama (s)

Frekvencija u
Hertz (Hz)



MATLAB kod za sin signal

xs(t) = XS sin(2 nfS t+ ¢s)

Xs =1.8;

fs = 10;

fi = pi/3;

tl = -0.1;
tstep = 0.01;
t2 = 0.2;

t = tl:tstep:t2;

X = Xs*sin(2*pi*fs*t+£fi) ;
plot(t, x)

xlabel('t')

ylabel('x s')

title('x s(t) = X s sin(2 \pi £ s t + \phi _s)')

grid on
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Diskretni signal — sekvenca

Diskretni signal se predstavlja kao niz
brojeva (sequence) koji je ureden po
vremenu nastanka

U praksi se radi sa sekvencama konacnog
trajanja (finite-length sequences)
Sekvence se najCescCe prave odabiranjem
vrednosti kontinualnog signala

Predstavlja se sekvencom-nizom brojeva

xln]j
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Sinusoidalna sekvenca

Xgj = XgsI(27

1

~ )

S

Xk = X sin2m (1/N ) k+¢)

0]

o

o

o

Amplituda
2
(0]
1,
]
1t
(O]
(0]
2 ° ‘
5 0
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Kauzalna sekvenca

* Sekvenca koja ima vrednosti O za sve
negativne indekse je kauzalna

» Sekvenca koja ima vrednosti razliCite od O
za sve indekse iz odredenog opsega je
sekvenca konacne duzine

Merni informacioni sistemi 10



Jedinicni impuls
Dirakova delta funkcija

(1,n=0

oln]=-
] 0,n#0

3

iea (a)

-t P
0 n
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Zakasnjen jedinicni impuls

1,n = ny

0,1 # ng

_(b)

—-e—e—@——e—e——a—e—-e—e—e-»
n

Merni informacioni sistemi

12



Osobina selektivnosti

x[n]= i x[k]o[n—k]

k=—00

Izdvajanje
¢lana niza
za n=k
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Jedinicni odskocCni niz
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Jedinicni odskocCni niz
Hevisajdova (Heaviside) funkcija

B l,n=>0
=10 <o
uln]= ) Olk]
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Periodicna funkcija

x[n]=x[n+ N]

N je perioda
ponavljanja

Merni informacioni sistemi
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Kompleksni eksponencijalni niz

x[n] =e/@" x[n]=cos(wn)+ jsin(wn)
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Periodicni signall

» DeterministiCki signal moze biti periodican
— posmatra se samo opseg vremena Kkoji
se kasnije ponavlja beskonacno puta

» Aperiodicni signal je onaj koji nema
osobinu periodicnosti

Merni informacioni sistemi
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Random signal - MATLAB

xk = 0:1:50;
x = rand(size(k))
m = mean (x) ; Uniformly distributed samples

1 T . T T

s = std(x); o Y

stem (k, x) jrandom seq

hold on of d? 'Tjan

plot([k(1l) k(end)],.. ¢ Q ® s
[m m],'r',... 9
[k (1) ]vc(?nd) 1,.. < 04777 % 00 S dDle 5
[s s],'g") o (0

hold off ﬂ“

xlabel ('k') 0.2665 | |
ylabel('x k') T
ytick = [0 s m 1]; 0 ? ullo)

set(gca, 'YTick' ,6ytick) 0 10 20 30 40 50
legend ('random seq',.. K

'mean’', 'std') . L :
: _ , .. Merni informacigni sistemi 20
title('Uniformly distributed samples')
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Random signal - MATLAB

0:1:50;
randn (size(k)) ;

Normally distributed samples

8 X &
I

mean (x) ; —® random seq

s = std(x) ; (0} —mean

stem (k, x) 9

std

hold on

plot([k(1l) k(end)],.. 0.9008 I PR
[m m],'x’',.. v
[k(1) k(end)],..
[s s],'g")

hold off

xlabel('k')

ylabel('x k')

legend ('random seq',..

0.0305

o

117

3T

@

Jf

'mean', 'std’) 0 10 20 30
ytick = sort([-2 s m 2]); Kk
s?t(gca,'YTlck',yFlck? Merni informagioni sistemi
title('Normally distributed samples')

40
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Diskretna Furijeova transformacija

Sekvenca u vremenskom domenu
x[n] duzine N preslikava se u
sekvencu X[k], iste duzine
gde se Clanovi racunaju po formuli

_ J2ikn

Zx , 0<k<N-1

Merni informacioni sistemi
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Matlab ££t realizuje DFT

X=fft[x
[ ] Kompleksni

* |z zadate sekvence u brojevi
vremenskom domenu x[#] dobija se
nova sekvenca u X[k]

(1 1/2 1/4 1/8 1/16 1/32 1/64 1/128]
fft (x)

X
X

X:

1.0000 0.5000 0.2500 0.1250 0.0625 0.0313 0.0156 0/.0078

X:
Columns 1 through 4

1.9922 1.1861-0.64871 0.7969-0.39841 0.6889-0.17991
Columns 5 through 8

0.0041 O.6889+O.17%Pi 0.7969+0.39841 1.1861+0.64871 on
Merni-nformacioni-sistemi




25 T 10
= ok TT = <
= l lé J’l =
22— . —————
0 5 10 0 5 10
1 k
N = 10: 2006 stem(n,angle (X) *180/pi)
n = 0:N-1; —_ T T
k = 3; —
f = k/N; %‘* 0 96 = Qe
fi = -pi/6; of l l
X = 2*cos (2*pi*f*n+£fi) ; <
stem(n, x) -200 :
X = £ft(x) 0 5 10
k 24

stem(n,abs (X))
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FFT - promena faze

26— 10
= TT 2| = .
= l [ 3 J, =
i : i e
0 5 10 0 S 10
n k
N = 10,' 2000
n = 0:N-1 ~ TT
k = 3; e
f = ; E 0
J£i = pi/eD % &°
X = 2*cos (2*pi*f*n+£fi) ; =
stem(n, x) -200 :
X = £ft(x) o/ 5 10
stem(n, abs (X)) Mernilinformacioni sistemi k
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FFT — promena k

-2

= L o L b
) S
0 5 10
1
N = 10;
n = 0:N-1;
dk = 2; >
f = k/N;
fi = -pi/6;
x = 2*cos (2*pi*f*n+fi) ;

stem(n, x)
X = £ft (x)
stem(n,abs (X))

LxT%]

angle(X{#])

10
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FFT — promena N

20

stem(n,abs (X))

Mernilinformacioni sistemi

20 —
A A
o= ) — 10
z Llﬂé Jﬂl& =
-2 : (Keelesconnoeoenase'o-
0 10 20 0 10 20
1" k
=z 200
n = 0:N-1; —
k = 3; —
f = k/N; E; 0
fi = -pi/6; E},
X = 2*cos (2*pi*f*n+fi) ; <
stem(n, x) -200 ’
X = fft(x) 0 10 20

27



FFT — dve sinusoide

40

'J]
5

x[]
o
©
&,
0_
%?
O—q?
Lx1#]
IS
—

O
5 °© . °
0 10 20 0 10 20
17 I
N=20; 200
n=0:N-1; P
K1=2; k2=5; =
e1=k1/n; £2=x2/n: >0
£fi2=-pi/6; o)
x =@cos (2*pi*fl*n+0)+. .. =
cos (2*pi*£f2*n+£i2) ; -200 :
X = Fft (x) 0 10 20
fermt-informacioni sistemi k
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FFT - aliasin

y 20 5 % 40
£=k/N; T
~ Ll I =
e © — 20 -
= |4 L )| =
)
) E S 2
0 10 20 0 10 20
n k

:

k=N+3;

x[]

angle

2

0

-200
10 20

X = 2*cos (2*pi*f*n);

Mgni informacioni sistemi

X{x])




FFT - foldin

e 26 p {,lo 40
f=k/N;
I s gl |

v[1]
=
0—
3

ll~.)
G(}
@
D
X{x]l
IS

[

0 10 20 0 10 20
n k
k=N<3; ple 200
f=k/N; —
= 0 3
- Ei-}
=
Ky -200 ‘
0 10 20 0 10 20

X = 2*cos (2*pi*f*n) ; M&ni informacioni sistemi k




Jednoznacnost FFT

k=3;
f=k/N;

k < N/2

X = 2*cos(2*pi*f*n) ;

f < 1/2

Merni informacioni sistemi

31



Jednoznacnost FFT

f < 1/2
f =1-f
X = 2%*cos (2*pi*£f*n) ; f = 1+£f
f = 2-f
f = 2+f

Merni informacioni sistemi
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FFT — curenje spektra

26 o QO 20 ) " L)

= =10
frequency . lé’ 5 l E];[ =
Ieakage _2 p . . O(ﬁT Ti EWE iTIT%.
0 10 20 0 10 20
. e
N = 20; 2004
M= 21; —
n = 0:N-1 —
k = 4; 5 0
f = k/M; of)
X = 2*cos (2*pi*£f*n) ; < 500
X = £t =70 10 20

Merni informacioni sistemi l‘
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FFT — frekvencijska rezolucija

20 20
Q Q@
= alf T Peod T ey
o () — 10 -
frequency - é’l Jf" E I T
resolution o o T T
Lo _ o ilki Pl e
) ()
0 10 20 0\ 10 20
n k
N = 20; 2004
M = 21; —
n = 0:N-1; ==
kl=4; fl=k1/M; =20
k2=5; f2=k2/M; of)
x=cos (2*pi*fl*n)+. .. =
cos (2*pi*£2*n) ; -200 :
X = £ft(x) 0 10 20
Merni informacioni sistemi k




FFT — frekvencijska rezolucija

LxT%]

-
lllllllll

AmmEiY
- ﬁtLﬁl L t h:

Ale/N 5 )

2 ol
0 20 40 20 40
n k
@J / 100
n = 0:N-1; ..":_f.
kl=4; fl=k1l/M; 5 :
k2=5; £f2=k2/M; o)
x=cos (2*pi*fl*n)+. .. =
cos (2*pi*£2*n) ; -100 ' -
X = £t (x) 0 20 40
Merni informacioni sistemi /1"

35



FFT — digitalna frekvencija

it

x[7]
2 %
-3
o CF—o®
%—e)
O—G—_ﬁe
1x1%]
= =
B .
% 0

2
L

stem(n/N,abs (y))
xlabel ('£')

angle(\{k])

3t *-':
3 )
o
-
N d
ﬂ
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x[]

[
12

FFT — simetrija

(B
0

> 20
& %‘Lf’ ‘

Lx1%]

~

angle(xX{x])

Merni informacioni sistemi
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x[]

FFT — antisimetrija

12
Q

[
12

Miall = 4 &
177] 5 L

LX{4]]
L

angle(xX{x])

Merni informacioni sistemi f
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FFT — dopuna nulama

2 20
:f 0 ? 10
o= 0

0 50 100 0 0.5 1

7 I

= 80;

angle(x{k])

¢ = Q.*(n<(N/2—1));

Merni informacioni sistemi f



FFT — dopuna nulama (2)

21 20
= =
-2 . 0
0 100 200
I
vy
= 160; =
S
. L
= x.*(n<39) ; 20
(a1

Merni informacioni sistemi
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FFT — dopuna nulama (2)

oX 20
2 : 0 )
0 100 200 0 0.5 1
n S
200
plot(n/N,abs(y),'-") X 0
.
plot (n/N,angle(y) *180/pi,'-") :f':-'f}
-200 ‘
0 0.5 1
J

Merni informacioni sistemi
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FFT — perfektna dopuna

2¢ 20
— . Rap
= = |
9 .
0 10 20 0 03
Z f
2004
N = 21; ~
!
kl = 4 \"g 0
£1 = k1/M ot
k2 = 5; =
f2 = k2/M; -2000 0-§
X = cos(2*pi*fl*n)+cos (2*pi*f2*n) ; =
X = x.*(n<2l); Merni informacioni sisfemi S




Osobine DFT

Uredeni par
sekvenca u vremenskom domenu x[n]
sekvenca transformacije X[4]

Xn] o Xkl [ln] <& Yk]
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Jednoznacnost DFT

Ako su dve sekvence iste
tada su iste i njihove transformacije

Xnly = ylnly < Xkl =Y[k]

Merni informacioni sistemi
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Linearnost DF T

Linearna kombinacija dve sekvence jednaka

je linearnoj kombinaciji transformacija
gde su a | b konstante

DET(aix{n]j+biyln]}) =
a DFT({x[n]})+bDFT(iy(n]})

Merni informacioni sistemi
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Simetrija DFT

Transformacija je simetriCnha
pri cemu * oznacava

konjugovano kompleksnu vrednost

*

X[N —k]= X[k]

Merni informacioni sistemi

Moduo je
simetri¢an a
faza je
antisimetri¢na
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Realan signal —
kompleksna transformacija

Ako je sekvenca x[n]
u vremenskom domenu REALNA
sekvenca transformacije X[4] je
KOMPLEKSNA sekvenca

Merni informacioni sistemi
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Parseval-ova teorema

Transformacija je simetriCnha
pri cemu * oznacava

konjugovano kompleksnu vrednost

N-1 5 1 N-1 5
> | x[n]] = > | X[k]|
n=0 k=0

;

Merni informacioni sistemi

Pojam snage
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Normalizovana transformacija

Normalizovana transformacija da bi
moduo u transformaciji odgovarao
amplitudi sinusoide

Merni informacioni sistemi
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FFT — sa normalizacijom

)

R "
¢ o ® ®
= e 1l e o = |
=AML =
o &
-5 . L escoatses
(0 10 20 (0 10 20
1 k
N=20; n=0:N-1; 200
kl=2; k2=5; —
£1=k1/N; £2=k2/N; =,
£i2=-pi/6; =0
X = cos (2*pi*fl*n+0)+. .. of
cos (2*pi*£2*n+£i2) ; =
X = £ft(x) -200 .
0 10 20
Merni informacioni sistemi k

;tc.am.(n abs (X) /N)
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DFT jedinicne funkcije

1¢
D 0
0 10 20 0 10 20
1 Ik
|
N=20; n=0:N-1; =
x = (n==0); H: -
X = fft (x) E 0
stem(n,abs (X) /N) < 1 .
0 10 20

Merni informacioni sistemi k



DFT odskocCne funkcije

N=20; n=0:N-1;

x = (n>=0); 5 ()4
X = £fft(x,2*N) o)
stem (n, abs (X) /N) -100

Merni informacioni sistemi



DFT rastuce funkcije

| g 10

v[n]
=
% N
_0
—©
—,
——9,
———9,
Lx{x]
= n
g

0 10 20 0 10 20
1 k
200
N=20; n=0:N-1; =
x = n/N; E 0
X = f£fft(x,N) -
oL =V >
stem(n, abs (X) /N) © 2200 .
0 10 20

Merni informacioni sistemi k
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DFT kontinualne funkcije

Signal + sum Spektar

6 - - 100

4l 1 80t

2t : 60}

of M \/ | 40}
2t : 20}
A . . OJ\MLMMMWM

0 20 40 60 0 200 400 600

t (ms) f (Hz)

= 0:0.001:0.6;

= sin(2*pi*50*t)+sin(2*pi*120*¢t) ;
x + 2*randn(size(t)) ;

= fft(y,512);

Pyy = Y.* conj(Y) / 512;

f = 1000%* (Qerd HOrhaIRisistemi

K X
Il




Inverzna DF T

Sekvenca u vremenskom domenu
x[n] duzine N preslikava se u
sekvencu X[k], iste duzine
gde se Clanovi racunaju po formuli

Merni informacioni sistemi
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Matlab i££t realizuje IDFT

x=1fft[X]

X
X

(1 1/2 1/4 1/8 1/16 1/32 1/64 1/128]
Fft (x)
y = ifft (X)

X:
1.0000 0.5000 0.2500 0.1250 0.0625 0.0313 0.0156 0.0078
X =
Columns 1 through 4
1.9922 1.1861-0.64871 0.7969-0.39841 0.6889-0.17991
Columns 5 through 8
0.00641 0.6889+0.17991 0.7969+0.39841 1.1861+0.64871
y:
1.0000 0.5000 0.2500 0.1250 0.0625 0.0313 0.0156 0.0078

Meratinformaciont-sistermt
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DFT u viSe tacaka

Y=ftt(X,n) returns the n-point DFT

If the length of X is less than n,
X Is padded with trailing zeros to length n

If the length of X is greater than n,
the sequence X is truncated

When X Is a matrix,
the length of the columns
are adjusted in the same manner

Merni informacioni sistemi
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Matlab i££t realizuje IDFT

x = [11/2 1/4 1/8 1/16 1/32 1/64 1/128]
= fft(x,10)

y = ifft (X)

X:
1.0000 0.5000 0.2500 0.1250 0.0625 0.0313 0.0156 0.0078
X =
Columns 1 through 4
1.9922 1.1861-0.64871 0.7969-0.39841 0.6889-0.17991
Columns 5 through 8
0.0641 0.6889+0.17991 0.7969+0.39841 1.1861+0.64871
y:
1.0000 0.5000 0.2500 0.1250 0.0625 0.0313 0.0156 0.0078 0 O

Merni informacioni sistemi
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Matlab ££t 1 ifft

x = [11/2 1/4 1/8 1/16 1/32 1/64 1/128]

X = fft(x,10)
y = ifft (X)
X:
1.0000 0.5000 0.2500 0.1250 0.0625 0.0313 0.0156 0.0078
X =
Columns 1 through 4
1.9922 1.1861-0.64871 0.7969-0.39841 0.6889-0.17991
Columns 5 through 8
0.0641 0.6889+0.17991 0.7969+0.39841 1.1861+0.64871
y:
1.0000 0.5000 0.2500 0.1250 0.0625 0.0313 0.0156 0.0078 (0 O?

Merni informacioni sistemi
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Matlab ££t 1 ifft

x = [1 1/2 1/4 1/8 1/16 1/32 1/64 1/128]
— fft(x,6)
y = ifft (X)

>
I

X:
1.0000 0.5000 0.2500 0.1250 0.0625 0.0313(0.0156 0.0078

X

Columns
1.9922
Columns
0.6641

1 through 4

1.1861-0.64871 0.7969-0.39841 0.6889-0.17991
5 through 8

0.6889+0.17991 0.7969+0.39841 1.1861+0.64871

Y

1.0000 O.

5000 0.2500 0.1250 0.0625 0.0313

Merni informacioni sistemi
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1

x[#]

o

5 10

0.5

vnl

056
0

1

Lx{x]l

bildl

1.5

1

05

0

15

!
U&

Siftovana DFT

10

i

0
k

5

B KX X

[1 1/2 1/4 1/8 1/16 1/32 1/64 1/128 1/256 1/512]

fft (x)

fftshift (X)

ifft (Y)

Merni informacioni sistemi
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Utica] promene spektra

40

N=50; n=0:N-1; k=6; f=k/N;
x=2*sin (2*pi*f*n); x=x>0.25;
X=fft(x), ¥=X; n2=3;

Y (N/2-n2:N/2+n2+1) =0*¥(N/2-n2 :N/24n2+1) ;

62



—

Uticaj promene spektra, DC=0

x[n]

vln]

N=50; n=0:N-1; k=6; f=k/N;
x=2*sin (2*pi*f*n) ( x=(x>0)-0.5;

X=fft(x), ¥=X; n2=3;
Y (N/2-n2:N/2+n2+1) =0*¥{N/25R2: M/ 2tn2+1) ;




Uticaj ograniCenja spektra

y .
) il
| 111
-1t . 1 . . -
0 10 20 30 40 50
I
1 .

Nl

A £ 1 A 4 A R 1
1LY SRV LR S 1|

10
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20

30
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Odziv |IR sistema u
vremenskom domenu

N M
vinl= ) byxln—k] —%ky[n—k]
2

Izlazni signal
Rekurzivni deo

Nerekurzivni deo
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Diskretna Furijeova Transformacija
DFT

Sekvenca u vremenskom domenu x[#]
preslikava se u
sekvencu u frekvencijskom domenu X[4]

_ J2ikn

Zx , 0<k<N-1
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Inverzna DF T

Sekvenca u frekvencijskom domenu X[4]
preslikava se u
sekvencu u vremenskom domenu x[n]

Merni informacioni sistemi
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DFT diskretnih signala

Uredeni par
sekvenca u vremenskom domenu x[n]
sekvenca transformacije X[4]

Xn] o Xkl [ln] <& Yk]
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Linearnost DF T

Linearna kombinacija dve sekvence jednaka

je linearnoj kombinaciji transformacija
gde su a | b konstante

DET(aix{n]j+biyln]}) =
a DFT({x[n]})+bDFT(iy(n]})

Merni informacioni sistemi
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Primena DFT na sekvence u
vremenskom domenu

N M o
:Zblx[n—l]— Zamy[n—m] J—

w=e N

M L
Y k][1+ Zamwmkj = [Zb;wlk jX k
m=1 [=0
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Funkcija prenosa preko DFT

Y[k] /=0
X[k M

e 1+ Zamw_Mk
m=1

Merni informacioni sistemi
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HIk]

Funkcija prenosa preko DFT
2 7tk

le
LI~ SN 1
[k] Mo 2, Af =—
1+ > ane N Al
m=1
L
H[k]:Lk]_ [=0

M
1+ Z ame_]zﬂmfm
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Funkcija prenosa preko DFT

L
Z ble_ J2mkAfl
Y[k] /=0

H[k]=—— =

M
K] 1+ Z:ame_j2
m=1

Digitalna
frekvencija

Jlk]=kAf

L
S e 27 k]l

_ Y[k] /=0

Merni informacioni sisterrl'
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DFT - fft

o X = fft(x) returns
discrete Fourier transform (DFT)
of vector x

computed with a
fast Fourier transform (FFT) algorithm

MATLAB: doc fft

Merni informacioni sistemi
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DFT jedinicne funkcije

1¢
:f 05 g 05
-C000000000000000000-
O0 10 20 OO 10 20
1 k
|
x[n]=0[n] =
|X[k]|:1, arg(X[k]):O % (Jpeeeeeeeesee00000000
N=20; n=0:N-1; ~ -1 :
x = (n==0); 0 10 20
X = f£fft(x) Merni informacioni sistemi k
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FFT — dve sinusoide

40

'J]
5

x[]
o
©
&,
0_
%?
O—q?
Lx1#]
IS
—

O
5 °© . °
0 10 20 0 10 20
17 I
N=20; 200
n=0:N-1; P
K1=2; k2=5; =
e1=k1/n; £2=x2/n: >0
£fi2=-pi/6; o)
x =@cos (2*pi*fl*n+0)+. .. =
cos (2*pi*£f2*n+£i2) ; -200 :
X = Fft (x) 0 10 20
fermt-informacioni sistemi k
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FFT — frekvencijska rezolucija

20 20
Q Q@
= alf T Peod T ey
o () — 10 -
frequency - é’l Jf" E I T
resolution o o T T
Lo _ o ilki Pl e
) ()
0 10 20 0\ 10 20
n k
N = 20; 2004
M = 21; —
n = 0:N-1; ==
kl=4; fl=k1/M; =20
k2=5; f2=k2/M; of)
x=cos (2*pi*fl*n)+. .. =
cos (2*pi*£2*n) ; -200 :
X = £ft(x) 0 10 20
Merni informacioni sistemi k




FFT — dopuna nulama

2 20
:; 0 Eg 10
2 0

0 100 200
I

=

i

= 160; —
-t

= x.*(n<39) ; 20
(o w]
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FFT — dopuna nulama
anvelopa DFT

24 20
2 : 0 )
0 100 200 0 0.5 1
n S
200
plot(n/N,abs(y),'-") X 0
.
plot (n/N,angle(y) *180/pi,'-") :f':-'f}
-200 ‘
0 0.5 1

S

Merni informacioni sistemi
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Matlab ££t, 1fft

x = [11/2 1/4 1/8 1/16 1/32 1/64 1/128]
X = fft(x,8+
y = 1fft (X) ~_

N\

X:
1.0000 0.5000 0.2500 0.1280 0.0625 0.0313 0.0156 0.0078

N\

X =
Columns 1 through 4
1.9922 1.1861-0.64871 0.7969-0.39841

Columns 5 through 8
0.6641 0.6889+0.17991 0.7969+0.39841 1.1861™.64871

.06889-0.17991

y = N
1.0000 0.5000 0.2500 0.1250 0.0625 0.0313 0.01506 0.007 0 0
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x[n]

FFT

26 T 10
NE: TT = 5
J, lé) J)l EE
-5 S : o e
0 5 10 0 5 10
1 /o k

N = 10; //

n = 0:N-1;

k = 3;

LD

fi = -pi/6;

X = 2*cos (2*pi*f*n+fi);
stem(n, x)

X = fft(x)

Merni ir

fsrb@tidinsiabrs (X) )
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Projektovanje sistema

|lzraCunavanje koeficijenata
sistema da zadovolje

a=[1a, a, a; a,]

|
order = 4; \
fn = 0.2;

[b,a] = butter (order,2*£fn)

N

zadate specifikacije
b = [b, b, b, b; b,]

= [0.0466 0.1863 0.2795 0.1863 0.0466]

[1 -0.7821 0.6800 -0.1827 0.0301]

Merni informacioni sistemi
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x[n] C

bs Qs
]

b, o
D> —D—<—
1
b -a

Oy[n]



-1} - 0 1
0 10 20 30 0 0.2 0.4
7 f
1 v
1090004
o ®
§ 0.5} ¢
1 - 0 Yooceced
0 10 20 30 0 0.2 0.4
f i)
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Impulsna pobuda —
frekvencijska karakteristika

Na osnovu odziva
na impulsnu pobudu
mozemo da zakljuCimo
da li ce
sinusoidalan signal
da prode kroz filtar

»bez slabljenje
»o0slabljen
»pojacan

X7

YO

Bez slabl\lljen

erni iAformacioni sistemi
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Procesiranje sistemom

Procesiranje
sistemom
realizuje se
funkcijom | RS B
filter n ' r

32;

0:N-1;

(n==0) ;
filter(b,a,x);
fft(x);

££t(y) ;
stem(n,y)
stem(n/N,abs (Y))

y[n]

K XK X B 2
(| I N | O [ |

subplot(2,2,3)
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DTFT

Kontinualna

L frekvencija

S pye /27 kY

[=0

M N flkl—> f
1+ ) a, e /7 LHT

n/lzzll " ['] _) (')

L

_ =0
M .
1+ Zame_fzﬂfm

Merni informap}?n_ifistemi
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L
g £ ugaona
Zble 2t uéestanost
[=0
H(f)=—2
1+Zame—]2ﬂfm 27 —> w
m=1
L o]
Frekvencijski Z be /¢
odziv H(eja)) __1=0

M
—jom
1+ Zame
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DTFT - freqz

MATLAB: doc freqz
[h,w] = freqz(b,a,l) returns the
frequency response vector h and
the corresponding angular frequency vector w
for the digital filter whose
transfer function is determined by the
(real or complex) numerator and denominator
polynomials represented in the vectors b and a,
respectively

The vectors h and w are both of length |

The angular frequency vector w has values ranging from
0 to radians per sample

When you don't specify the integer |, or you specify it as
the empty vector [], the frequency response is calculated
using the default value of 512 samples
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-
1

: (H(e 7))

= 0.8
W
S
T 0.6
S Y ()}
=041 @

0.2

NI I PO
0 0.1 0.2 0.3 0.4
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Frekvencijska karakteristika sistema

Frekvencijska
karakteristika
racuna se .
funkcijom o3
freqz g
% 0.6
fn = 0.2; =
[b,a] = butter(7,2*£fn) 2 0.4
N = 32;
n = 0:N-1; 0.2
X = (n==0);
y = filter(b,a, x); 0
Y = £ft(y);

[h,w] = freqz(b,a,2*N);
plot (w/ (2*pi) ,abs (h),'r-")
hold on

stem (n/N,abs (Y))

hold off Merni infgrmacioni sistemi 91




freqzi

fft

13 @ @ @ @ @

fn = 0.2;

[b,a] = butter(7,2*£fn)
N = 32;

n = 0:N-1;

x = (n==0) ;

y = filter (b, a, x)

Y = £fft(y);

[h,w] = freqz(b,a
plot (w/ (2*pi) ,abs
hold on
stem(n/N,abs (Y))
hold off

70, @)
o
(@)

e
=

.
14

0 1
‘!I!I’ 0 0.1
(h)y7"rs')
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freqz

Da bi odredili
Sta Ce da se dogodi sa
sinusoidalnim signalom na ulazu u filtar,
nije potrebno da procesiramo ta;
signal sa filtrom, vecC
da nacrtamo kontinualnu karakteristiku
sa freqz koja

zavisi samo od koeficijenata filtra

Merni informacioni sistemi
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fft

Da bi odredili
Sta Ce se dogoditi sa
sinusoidalnim signalom na ulazu u filtar,
mozemo da procesiramo taj
signal sa filtrom (funkcija £ilter),
| da nacrtamo diskretni spektar
sa £ft koji tada
zavisi od koeficijenata filtra i duzine niza
(i od uCestanosti i amplitude signala)

Merni informacioni sistemi
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I I L

Nema curenja spektra

)

/

Y ()}

0.1

0.2 0.3 0.4
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Analiza filtara

Filter analysis

abs - Magnitude

angle - Phase angle

filternorm - Compute the 2-norm or inf-norm of digital filter
freqz - Z-transform frequency response

fvtool - Filter Visualization Tool

grpdelay - Group delay

Impz - Discrete impulse response

phasedelay - Phase delay of a digital filter

phasez - Digital filter phase response (unwrapped)
zerophase - Zero-phase response of a real filter
zplane - Discrete pole-zero plot

Merni informacioni sistemi 96



’u' Filter Design & Analysis Tool - [untitled.fda]

S|E)[]

File Edit Analysis Targets View Window Help

DeHER 220X DN AUMNMA+t0D  BLORE| W

FDA Tool

Ready

— Current Filter Information _ Fitter Specifications
*Mag. (dB)

Structure: Direct-Form FIR | _L

Order: 50 0F '%ass

Stable: Yes T

Source:  Designed A

stop
I 1 |
= T 1 [

[ Store Filter ... ] 0 Fpass F;top Fsf2 f (HZ)

[ Fiter Manager ... ]

— Response Type __ Filter Order _ Frequency Specifications — Magnitude Specifications

® ;Lowpass Zl O Specify order: Units: Hz EI Units: |dB :El
O Inghpass v :
‘ :I (&) Minimum order Fs: 48000
() Bandpass Apass 1
= () Bandstop __ Options Fpass 9600 o =
O |pifferentiator Z| Density Factor: 20 ki

! 0SSy EC Fstop 12000
E] __ Design Method
E’ OIR [Burterwonh Z|
|| ©FR [Eaiierie |
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~

’u Filter Design & Analysis Tool - [untitled.fda *]

S|E%]

— Current Filter Information

File Edit Analysis Targets View Window Help -
DEESR 20X 1 A RN 40— EbklORE K

__ Magnitude Response (dB)

»
® IR Butterworth v
QR et [y]

(O FIR |Equiripple ‘v|

D

T
0 L}
Structure: Direct-Form I,
Second-Order Sections ) S B ____________________________ S
o) : ‘
Order: | o : '
Sections: 16 RS- - - - - - - -- O e ————- K. "2 b e ee—enan ]
Stable:  Yes § '
Source:  Designed = '
- —— :
- —— i
( Store Fitter ... | 0 5
Frequency (kHz)
| Fiter Manager ... |
yd AN
__ Response Iype __ Filter Order __yrequency Specifications A
(®) Lowpass » o Units: le ‘vl
O \77% A LIEE TEREERE P CERPrE wreesd !
B |g al= N
== O Band (I: () Minimum order ) Fs: 48000
andpass N~
——||[ O Bandstop _ Options Fpass: 9600 ’
Y
A r ‘
L Differentiator v :
"E‘ (D) [ j Match exactly: | stopband E stop: 112000
Wﬂhﬁ;_
F_U

Designing Filter ... Done

Merni informacioni sistemi
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Designing Filter ... Done

B Fitter Design & Analysis Tool - [untitled.fda *] =&l
File Edit Analysis Targets View MWindow Help
DFESR 230X 0K MMM~ EbARE K

— Current Filter Information _ Magnitude Response (dB)

Structure: Direct-Form FIR —

Order: 10 %

Stable: Yes 2

Source:  Designed %

@
=
( Store Fitter ... ] 10 15
Frequency (kHz)

( Fiter Manager ... )

_ Respons — Fitter Order Magnitude Specifications
Q _|Raised-cosine | (© Bpecify order; 10 @) Normal
CHY -
O |Highpass ﬂ
— O Barg ' (O Square root
ndpass
= (O Bandstop — Options The attenuation at cutoff
pf‘-': ) [Differe — EI E]Scale Passhand frequency(ies) is flxet‘:lat 6dB
— , . (half the passhand gain).
"3 [| |- Desion Method Window: Kaiser g
[: tter Function Name Bandwvidth 1200
aa ﬂ: | | Beta 5

FIR |Wind 1

) S
E Merni informacioni sistemi 99




: Filter Design & Analysis Tool - [untitled.fda *]

O]

File Edit Analysis Targets View Window Help

ARG NEEER: mrmoﬂ@n}?

— Current Filter Information ———— — Round-off Noise Power Spectrum

.
I
b

Ready

v
g i T |
L A _w B W 1 ;
- A i .f.“ff“. .............. i.*.ﬂfm.ﬂ., ....... R S
Structure: Direct-Form FIR : : o ;
Order: 10 @ - . nl'n . e ‘
Stable:  Yes = 220 feenennee e AREhhhh bbb promseemenes L LR (b -\‘?-:-’-{ P j,ﬁ-n‘
Source:  Designed g . ; i ; I . ! rf
' ' " ' 13
T SRR — A — R S TR T
' ' G
.1 | R R . R S
( Store Fitter ... | 0 S 10 15 20
Frequency (kHz)
( Fiter Manager ... )
L ————————
Fitter arthmetic: [Daub[e-precision floating-point |EI
=
There are no additional settings for Double-precision floating-point arthmetic.
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=)o

ilter Design & Analysis Tool - [untitled.fda *]

C T

Help

Window

Analysis Targets View

Edit

NEEESR AR HX T EHNNHA D Bi@

File

RJIE | W2

— Magnitude Response Estimate

— Current Filter Information

1 I I 1 I
" ' ' " '
" ' ' " '
SEEEER e ARt FETEES o
: ' i : '
" ' ' " '
L tussasd icsoss dm s ]
: : i : o
R I SR S SRS .
: ' i : i
" ' ' " '
1 J— — R W |
; H ' i . | =
i : ' i : i
: : ' ' : '
g o T g e =
U o " e o [ ....._... ' =
! ™ " z “ " "/z " -
i m " L ' " " b ' p
i N I W
" m .s- ] .O [ Q " .- n. %
: A Y
! ¢ 1 : :
" |. |||||| Bt * ||||| Nodoion =t o) _.. o
= i ' ' 3 ]
' - » ' ' " N
' [ ' i ] L]
: R : I R
: i oanafansandansandssaern
i " . ' i ] ~\ i 0.
: R N " -
: . .._..f ' Sa¥ ]
" B o S
= = - 4= 1 | 1 w " " " " “
; [ — Lo L L o s
H [ " H =
" ' ' " ' L]
" ' ' " '
" ' ' " 1
Faanaah bnammndm mme dam s oy
' ' ' . H . H H H H H
1 1 1 1 1 1 o
= = = m = = = b A =) %) i
ST ST = Q
(@p) apnyubepy ved Aeulbeuw|
s & 2
@ b
Flmn | 3 w . .
: P —_— &
g % - 2| 8 | &
U W e — B [=]
m “ - o ‘.‘“ =1 a
52>48 S o | g
= g
HI=ES
=
Fvyl SR
254 s ZE.
9 ‘e a ) et L Q

=

=

—

done

jComputing Response ...

101

Merni informacioni sistemi



(Trans osegftzizrect form ll) ImplementaCija
i ' Hd = dfilt.df2t(b,a)

Hd = dfilt.df2t
m »

- M

7

b(3)
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g
X0 Hi(z) .
Impulse Response
w5 D5 05
E E
= =
z z
0 0
0 10 20 30

n (samples)
Impulse Response

Amplitude
[} —

-1 X . .
0 10 20 30 0 10 20
n (samples) n {samples)
Impulse Response Impulse Response
0.

Amplitude
—_— [} —_—

0 10 20 30
n (samples)

mplitude

Al

Amplitude

al

1. -0.1584
1. 0.9000
1

a2
a <o 7416 -0.1426>

1. 1.1000

H(z) oY
/ a5—@416 -0.1742

Impulse Response

n (sapples)
Impulgé Response

0 10 20 30
n (samples)
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subplot(3,2,1)
impz (bl,al, N)
subplot (3,2, 3)
impz (b2,a2,N)
subplot(3,2,5)
impz (b3,a3,N)
subplot(3,2,2)
impz (bl,al, N)
subplot(3,2,4)
impz (b4,a4,N)
subplot (3,2, 6)
impz (b5,a5,N)
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Profesor dr Miroslav Lutovac
mlutovac@yviser.edu.rs

Ova prezentacija je nekomercijalna.

Slajdovi mogu da sadrze materijale preuzete sa Interneta,
struCne i naucne grade, koji su zasticeni Zakonom o
autorskim i srodnim pravima.

Ova prezentacija se moze Koristiti samo privremeno
tokom usmenog izlaganja nastavnika u cilju informisanja i
upucivanja studenata na dalji strucni, istrazivacki i naucni

rad i u druge svrhe se ne sme Koristiti —
Clan 44 - Dozvoljeno je bez dozvole autora i bez pla¢anja
autorske naknade za nekomercijalne svrhe nastave:

(1) javno izvodenije ili predstavljanje objavljenih dela

u obliku neposrednog poucavanja na nastavi;

- ZAKON O AUTORSKOM | SRODNIM PRAVIMA

("SI. glasnik RS", br. 104/2009 i 99/2011)
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